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Abstract
The canonical Hamiltonian HC of the metric General Relativity is reduced to its natural form.
The natural form of canonical Hamiltonian provides numerous advantages in actual applications
to the metric GR, since the general theory of dynamical systems with such Hamiltonians is well
developed. Furthermore, many analytical and numerically exact solutions for dynamical systems
with natural Hamiltonians have been found and described in detail. In particular, based on this
theory we can discuss an obvious analogy between gravitational field(s) and few-particle systems
where particles are connected to each other by the Coulomb, or harmonic potentials. We also
developed an effective method which is used to determine various Poisson brackets between ana-
lytical functions of the dynamical variables. Furthermore, such variables can be chosen either from
the straight, or dual sets of symplectic dynamical variables which always arise in any Hamiltonian
formulation developed for the metric gravity.
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I. INTRODUCTION
In 1958 Dirac published his famous Hamiltonian formulation of the metric General Rel-
ativity (or metric gravity, for short) [1]. Since then and for a very long time that Dirac’s
formulation was known as the only correct Hamiltonian approach ever developed for the met-
ric gravity. In particular, only by using this Hamiltonian formulation, i.e., the primary and
secondary constraints derived in this Dirac’s approach, one was able to restore the complete
and correct gauge symmetry (diffeomorphism) of the free (metric) gravitational field(s). A
different Hamiltonian formulation of the metric GR published earlier in [2] was overloaded
with numerous mistakes, which can easily be found, e.g., in all secondary constraints derived
in [2]. Moreover, some important steps of the Hamiltonian procedure, developed earlier by
Dirac in [3], were missing in [2]. For instance, the closure of Dirac procedure [3] was not
demonstrated et al. In reality, it is impossible to show such a closure with wrong secondary
constraints, but after reading [2] one can get an impression that authors did not understand
why they need to do this, in principle. The complete and correct version of the Hamiltonian
formulation for the metric gravity, originally proposed in [2], was re-developed and corrected
only in 2008 [4] by Kiriushcheva and Kuzmin. Below, to respect this fact we shall call the
Hamiltonian formulaion of the metric GR developed in [4] by the K&K approach. This ap-
proach also allows one to restore the complete diffeomorphism as a correct gauge symmetry
of the free gravitational field.
Note that after publication [4] there were two different and non-contradictory Hamiltonian
formulations of the metric gravity. Therefore, it was very interesting to investigate relations
between these two approaches. In [5] we have shown that Dirac formulation of the metric GR
and ‘alternative’ K&K-formulation are related to each other by a canonical transformation of
dynamical variables of the problem, i.e., by a transformation of the generalized ‘coordinates’
gαβ and corresponding ‘momenta’ pi
µν . Furthermore, such a canonical transformation has
special and relatively simple form (more details can be found in [5]). After an obvious
success of our analysis in [5] the following question has imediately arose: is it possible to
derive another canonical transformation of dynamical variables in the metric gravity which
can reduce the canonical Hamiltonian HC of the metric GR derived in [4] to some relatively
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simple forms which are well known in classical mechanics? If the answer is ‘Yes’, then it
opens access to a large number of analytical and numerical methods developed for classical
dynamical systems with such Hamiltinians. Furthermore, for many similar systems the
corresponding solutions and their properties are also known and we can use these solutions
to solve ‘new’ gravitational problems, etc. Below, to answer this question we present the new
canonical transformation of dynamical variables, i.e., generalized coordinates and momenta,
in the metric General Relativity. This new canonical transformation is also a very special
and unique, since it reduces the canonical Hamiltonian HC of metric GR to the natural
form which is almost identical to the natural form of many ‘regular’ Hamiltonians already
known in analytical mechanics of the potential (dynamical) systems. For instance, similar
Hamiltonians describe the non-relativistic system of interacting N point particles, where all
inter-particle forces are generated by some regular potential(s).
This paper has the following structure. In the next two Sections we introduce the Γ− Γ
Lagrangian L of the metric General Relativity. By using this Lagrangian L we define the
corresponding momenta piαβ. At the next stage of our method we apply the Legendre trans-
formation to exclude velocities and construct the canonical HC and total Ht Hamiltonians
of the metric General Relativity. All derived formulas, equations and even logic used in
next two Sections are pretty standard for any Hamiltonian formulation of the metric GR.
Moreover, they were derived and discussed in a number of earlier studies (see, e.g., [4] and
[7]). Nevertheless, the two following Sections are important to make and keep this study
completely independent of other publications and united by a central idea to illustrate the
power of canonical transformations for Hamiltonian systems. The fundamental and sec-
ondary Poisson brackets are defined and calculated in Section IV. These brackets are the
main working tools to perform research and obtain solutions for any Hamilton dynamical
system, including our Hamiltonian system of the gravitational field(s) defined in the metric
General Relativity. In particular, our Poisson brackets are used to investigate a few fun-
damental problems currently known in metric GR. Section VI is the central part of this
study, since here the canonical Hamiltonian HC of the metric GR is reduced to its natural
form. Here we also illustrate a number of advantages of the normal form of the canonical
Hamiltonian HC for numerous problems known in the metric GR. A few directions for future
development of metric GR are also discussed there. Concluding remarks can be found in
the last Section.
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Now, let us introduce a few principal notations which are extensively used below. Ev-
erywhere in this study we assume that our readers are familiar with the tensor calculus,
tensor notations and tensor analysis at least at the level of excellent Kochin’s book [8]. No-
tations from that book, the rules of tensor transformatons, etc, are used below without any
additional reference. In particular, in this study the notation gαβ stands for the covariant
components of the metric tensor which are dimensionless quantities. Note that all compo-
nents of the metric tensor gαβ can be considered either as the actual gravitational fields, or
as the tensor components of one (united) gravitational field. Each of the gαβ components
is a function of spatial and temporal coordinates, i.e., xα = (x0, x1, . . . , xd−1) in our current
notations. In this study all components of metric tensor gαβ are considered as the gener-
alized coordinates of the problem. Analogous notations piαβ designate the corresponding
contravariant components of momenta which are conjugate to the covariant components gαβ
of the metric tensor (see below and references [4] and [5]).
The determinant of the metric tensor gαβ is denoted by its traditional notation −g, where
−g > 0. The Latin alphabet is used for spatial components of vectors/tensors, while the
index 0 means their temporal component. In this study the notation d (where d ≥ 3 [6])
designates the total dimension of our space-time manifold. This means that an arbitrary
Greek index α varies between 0 and d − 1, while an arbitrary Latin index varies between
1 and d − 1. The quantities and tensors such as B((αβ)γ|µνλ), Imnpq, etc, applied below,
have been defined in earlier papers [1], [4], [5] and [7]. In this study the definitions of all
these quantities and tensors are exactly the same as in [4] and [5] and there is no need
to repeat them. The short notations gαβ,k and gγρ,0 are used below for the spatial and
temporal derivatives, respectively, of the corresponding components of the metric tensor.
Any expression which contains a pair of identical (or repeated) indexes, where one index is
covariant and another is contravariant, means summation over this ‘dummy’ index. This
convention is very convenient and drastically simplifies many formulas derived in metric GR.
II. Γ− Γ LAGRANGIAN OF THE METRIC GENERAL RELATIVITY
In this Section we introduce the Lagrangian of the metric General Relativity. For-
mally, such a Lagrangian (or Lagrangian density) should coincide with the integrand in the
Einstein-Hilbert integral-action (see, e.g., [9] and [10]). However, that Lagrangian, which is
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often called the Einstein-Hilbert Lagrangian, contains a number of derivatives of the second
order and cannot be used directly in the principle of least action. By applying some standard
procedure (see, e.g., [9]) one can transform the ‘singular’ Einstein-Hilbert Lagrangian into
the ‘regular’ Γ− Γ Lagrangian which contains no second order derivative and is written in
the form
L = 1
4
√−gBαβγµνρ
(∂gαβ
∂xγ
)(∂gµν
∂xρ
)
=
1
4
√−gBαβγµνρgαβ,γgµν,ρ (1)
where
Bαβγµνρ = gαβgγρgµν − gαµgβνgγρ + 2gαρgβνgγµ − 2gαβgγµgνρ (2)
is a homogeneous cubic function of the contravariant components of the metric tensor gαβ.
This formula can also be written as the cubic function of the inverse powers of covariant com-
ponents of the metric tensor gαβ. The both forms of the B
αβγµνρ tensor are equivalent, since
the equality gαγg
γβ = gαβ = δ
α
β is always obeyed [8]. In this study the covariant components
of the metric tensor gαβ are chosen as the straight set of coordinates for the Hamiltonian
formulation(s) of the metric GR. In thjis case, the contravariant components of the metric
tensor gαβ form the corresponding set of dual coordinates. For tensor Hamiltonian fields
these two sets of coordinates (in fact, the two sets of canonical variables which include these
coordinates) are very closely related to each other by the Poisson brackets (see discussion
below). Note also that in the right-hand side of this formula, Eq.(1), the short notation gαβ,γ
designates the partial derivatives
∂gαβ
∂xγ
in respect to the spatial/temporal coordinates. Note
that the Γ−Γ Lagrangian L, Eq.(1), contains the partial temporal derivatives g0σ,0(= gσ0,0)
of the first-order only, and it is used below to derive the total Hamiltonian of the metric
GR. In some papers the temporal derivatives g0σ,0 were called the σ-velocities.
In reality, to derive the closed formula for the Hamiltonian of metric GR we need a slightly
different form of the Γ− Γ Lagrangian where all temporal derivatives (or time-derivatives)
are explicitly separated from other derivatives (see, e.g., [4])
L = 1
4
√−gBαβ0µν0gαβ,0gµν,0 + 1
2
√−gB(αβ0|µνk)gαβ,0gµν,k + 1
4
√−gBαβkµνlgαβ,kgµν,l (3)
where the notation B(αβγ|µνρ) means a ‘symmetrical’ Bαβγµνρ quantity which is symmetrized
in respect to the permutation of two groups of indexes, i.e.,
B(αβγ|µνρ) =
1
2
(
Bαβγµνρ +Bµνραβγ
)
= gαβgγρgµν − gαµgβνgγρ
+ 2gαρgβνgγµ − gαβgνρgγµ − gαρgβγgµν (4)
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By using the Lagrangian L, Eq.(3), and standard definition of momentum as a partial
derivative of the Lagrangian in respect to the corresponding velocity (see, e.g., [11]), we
obtain the explicit formulas for all components of the tensor of momentum piγσ
piγσ =
∂L
∂gγσ,0
=
1
2
√−gB((γσ)0|µν0)gµν,0 + 1
2
√−gB((γσ)0|µνk)gµν,k (5)
The first term in the right-hand side of the last equation can be written in the form
1
2
√−gB((γσ)0|µν0)gµν,0 = 1
2
√−gg00Eµνγσgµν,0 (6)
where the Dirac tensors Eµνγσ and eµν are
Eµνγρ = eµνeγρ − eµγeνρ , and eµν = gµν − g
0µg0ν
g00
(7)
and it is easy to check that Eµνγσ = Eγσµν and eµν = eνµ. Also, as follows directly from the
formula, Eq.(7), the tensor eµν equals zero, if either index µ, or index ν (or both) equals zero.
The same statement is true for the Dirac Eµνγσ tensor, i.e., E0νγσ = 0, Eµ0γσ = 0, Eµν0σ = 0
and Eµνγ0 = 0. The Epqkl quantity is called the space-like Dirac tensor of the fourth rank.
Note that all components of this space-like tensor Epqkl are not equal zero. Furthermore, the
space-like tensor Epqkl is a positively-defined and invertable tensor. Its inverse space-like
tensor Imnpq is also positively-defined and invertable space-like tensor of the fourth rank
which is written in the form
Imnqp =
1
d− 2gmngpq − gmpgnq (8)
This tensor plays a very important role in our Hamiltonian analysis (see below). From here
we can write ImnpqE
pqkl = gkmg
l
n = δ
k
mδ
l
n, where the g
α
β = δ
α
β tensor is the substitution tensor
[8], while the symbol δαβ denotes the Kroneker delta (it equals zero for all possible indexes,
unless α = β, when its numerical value equals unity).
First, let us consider the ‘regular’ case when in Eq.(5) γ = p and σ = q. In this case one
finds the following formulas for double space-like components of the momentum tensor
pipq =
∂L
∂gpq,0
=
1
2
√−gB((pq)0|µν0)gµν,0 + 1
2
√−gB((pq)0|µνk)gµν,k (9)
For each pair of (pq)−indexes (or (mn)−indexes). The tensor in the right-hand side of this
equation is invertable and the velocity gmn,0 is explicitly expressed as the linear function (or
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linear combination) of the space-like components pipq of momentum tensor:
gmn,0 =
1
g00
( 2√−g Imnpqpi
pq − ImnpqB((pq)0|µνk)gµν,k
)
=
1
g00
Imnpq
( 2√−gpi
pq − B((pq)0|µνk)gµν,k
)
(10)
where the Dirac tensor Imnpq is defined by Eq.(8). As follows from Eqs.(9) and (10) for
the space-like components of metric tensor gpq and corresponding momenta pi
mn one finds
no principal difference with the Hamilton dynamical systems, which are routinely studied
in classical mechanics. Indeed, these space-like components of momenta and corresponding
velocities are related to each other by a very simple (linear) equation. However, even these
components of momenta pipq do not related with the corresponding velocities gpq,0 directly,
i.e., by one equation and/or by one scalar parameter, e.g., by some ‘effective’ mass. In-
stead, for gravitational field(s) the corresponding relation, Eq.(10), has a matrix form and
one space-like component of momenta pimn depends upon quasi-linear combination [12] of
different velocities gpq,0 (and vice versa). Nevertheless, even such a ‘non-traditional’ matrix
definition of momenta works very well in actual applications and, in particular, allows one
to develop the complete and non-cotradictive Hamiltonian approach for the metric GR.
In the second ‘non-regular’ (or singular) case, when γ = 0, the first term in the right-hand
side of Eq.(5) equals zero and this equation takes the from
pi0σ =
∂L
∂g0σ,0
=
1
2
√−gB((0σ)0|µνk)gµν,k (11)
which contains no velocity et al. Furthermore, this equation, Eq.(11), determines the mo-
mentum pi0σ as a polynomial (cubic) functions of the contravariant components of the metric
tensor gαβ and a linear function of the both
√−g value and spatial derivatives of the co-
variant components gµν,k of metric tensor. It is clear that such a situation cannot be found
neither in classical mechanics, nor in quantum mechanics of arbitrary systems of particles.
However, for actual physical fields similar situations arise quite often. The physical meaning
of Eq.(11) is simple and can be expressed in the following words. The function
φ0σ = pi0σ − 1
2
√−gB((0σ)0|µνk)gµν,k (12)
must be equal zero at any time, i.e., it does not change during actual physical motions (or
time-evolution) of the gravitational field. Dirac in [3] proposed to write such equalities in
the symbolic form φ0σ ≈ 0 and called these d functions φ0σ (for σ = 0, 1, . . . , d−1), Eq.(12),
by the primary constraints (see also [11]).
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III. TOTAL AND CANONICAL HAMILTONIANS OF METRIC GENERAL REL-
ATIVITY
Now, by applying the Legendre transformation to the known Γ − Γ Lagrangian L, of
the metric GR, Eq.(3), and excluding all space-like field-velocities gmn,0 we can derive the
following formulas for the total and canonical Hamiltonians of the metric GR. In particular,
the total Hamiltonian Ht of the gravitational field in metric GR derived from the Γ − Γ
Lagrangian L, Eq.(1), is written in the form
Ht = pi
αβgαβ,0 −L = HC + g0σ,0φ0σ (13)
where φ0σ = pi0σ − 1
2
√−gB((0σ)0|µνk)gµν,k are the primary constraints, while g0σ,0 are the
corresponding σ−velocities’ and HC is the canonical Hamiltonian of metric GR
HC =
1√−gg00 Imnpqpi
mnpipq − 1
g00
Imnpqpi
mnB(pq0|µνk)gµν,k (14)
+
1
4
√−g
[ 1
g00
ImnpqB
((mn)0|µνk)B(pq0|αβl) − Bµνkαβl
]
gµν,kgαβ,l
which does not contain any primary constraint φ0σ. All d primary constraints φ0σ, where σ =
0, 1, . . . , d− 1, are included in the total Hamiltonian Ht, Eq.(13). It should be emphasized
again that these primary constraints arise during our transition from the Γ− Γ Lagrangian
L, Eq.(1), to the Hamiltonians Ht and HC , since the Γ − Γ Lagrangian L is a linear (not
quadratic!) function of all d momenta pi0σ = δL
δg0σ,0
each of which includes at least one
temporal index [4]. The total and canonical HamiltoniansHt andHC are the scalar functions
defined in the 2d−dimensional phase space
{
gαβ, pi
µν
}
, where components of the metric gαβ
tensor and momentum tensor piµν have been chosen as the basic dynamical variables. Such
a phase space is, in fact, a symplectic space and the corresponding symplectic structure is
determined by the Poisson brackets between its basic dynamical variables, i.e., coordinates
gαβ and momenta pi
µν . Now we need to define the Poisson brackets (or commutators) which
play a great role in any the Hamiltonian formulation developed for the metric GR. These
Poisson brackets are introduced in the next Section.
IV. POISSON BRACKETS
Let us define the Poisson brackets (or PB, for short) which are absolutely crucial for the
creation, development and applications of any Hamiltonian-based approach in the metric
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General Relativity. From now on we shall consider only Hamiltonian approaches (in metric
GR) which are canonically related either to the K&K-approach [4], or to the Dirac approach
[1]. Note again that these two Hamiltonian formulations are canonically related to each
other (for more details, see [5]). Therefore, it is possible to obtain and present the basic (or
fundamental) set of Poisson brackets only for one of these two Hamiltonian formulations,
e.g., for the K&K-approach. Analogous Poisson brackets for other Hamiltonian formulations
of metric GR can be derived from these ‘fundamental’ values known in the K&K-approach.
The basic Poisson brackets between d(d+1)
2
components of the momentum tensor piµν and
d(d+1)
2
‘coordinates’ gαβ in the K&K-approach are [4]
[gαβ, pi
µν ] = −[piµν , gαβ] = gαβpiµν − piµνgαβ = 1
2
(
gµαg
ν
β + g
ν
αg
µ
β
)
=
1
2
(
δµαδ
ν
β + δ
ν
αδ
µ
β
)
= ∆µναβ ,(15)
where gµα = δ
µ
α is the substitution tensor [8] and symbol δ
µ
β is the Kronecker delta, while the
notation ∆µναβ stands for the gravitational (or tensor) delta-function. All other fundamental
Poisson brackets between basic dynamical variables of the metric GR equal zero identically,
i.e., [gαβ, gµν ] = 0 and [pi
αβ, piµν ] = 0. This set of d
2(d2−1)
4
Poisson brackets has a fundamental
value, since these PB define the unique symplectic structure directly related to the Rimanian
structure of the original d(d + 1)-dimensional tensor phase space and to the metric tensor
gαβ. We hope that readers are familiar with the general properties of Poisson brackets (see,
e.g., [13] - [16]).
In general, the d
2(d2−1)
4
Poisson brackets mentioned above are sufficient to operate suc-
cessfully in any correct Hamiltonian approach developed for the metric GR. However, in
many applications it is crucially important to determine other Poisson brackets, which are
also called the secondary PB. The secondary PB are calculated between different analytical
functions of basic dynamical variables, i.e., coordinates and momenta, but they arise quite
often in actual calculations. In general, it is difficult and time-consuming to derive the ex-
plicit formulas for secondary PB every time when you need them. Furthermore, in actual
applications one usually needs to determine a few hundreds of different Poisson brackets.
Here we present a number of additional (or secondary) Poisson brackets which are sufficient
for our purposes in this study. The first additional group of secondary Poisson brackets is
[gαβ, piµν ] = −1
2
(
gαµgβν + gανgβµ
)
and [gαβ, gµν ] = 0 . (16)
which include the contravariant components of the metric tensor gαβ. Note that the gαβ
tensor is inverse of the gαβ tensor, since the following equations gαγg
γβ = gβα = δ
β
α = g
βγgγα
9
are always obeyed between components of the metric tensor. Therefore, we need to check the
correctness of Eq.(16) in the case of direct replacement gαβ → 1
gαβ
. The second sub-equation
in Eq.(16), i.e., [ 1
gαβ
, gµν ] = 0 does not change its form, while for the first sub-equation one
finds
[gαβ, piµν ] = [
1
gαβ
, piµν ] = −
( 1
gαβ
)2
[gαβ, pi
µν ] = −(gαβ)2∆µναβ = −
1
2
(
gαµgβν + gανgβµ
)
, (17)
which coincides with the first equality in Eq.(16) and we do not have any contradiction here.
The second set of additional Poisson brackets arises, if one explicitly introduces the dual
system of dynamical variables {gαβ, piµν} which always exists for any tensor Hamiltonian
system. When I started to write this paper one of my goals was to avoid the use of com-
ponents of the ‘dual momentum’ piµν as dynamical variables. However, after a number of
attempts I gave up and arrived to the following conclusion: to create a truly correct and
non-contradictory Hamiltonian formulation for some dynamical tensor system we have to
deal with the two different d(d+1)−dimensional sets of dynamical variables: (a) the straight
set {gαβ, piµν}, and (b) the dual set {gαβ, piµν}. The Poisson brackets between all dynamical
variables from these two sets must be derived and carefully checked for non-contradictory.
In those cases when all these Poisson brackets (for dynamical variables from the straight
and dual sets) do not contradict each other we can say that our newly created Hamiltonian
formulation is truly covariant, self-sustained and correct. Otherwise, one needs to re-define
all momenta and try to repeat the whole Hamilton procedure from the very beginning. The
necessity to deal with the two sets of dynamical variables instantaneously is an important
difference between Hamiltonian procedures developed for the affine vector spaces and Rie-
manian tensor spaces. In other words, the instant presence of two sets of dynamical variables
(straight and dual sets) is a common feature of all Hamiltonian formulations for the ten-
sor fields. It can be shown that only by dealing with the both straight and dual sets of
dynamical variables we can guarantee the internal covariance and self-sustainability of our
Hamiltonian approach developed for the metric GR.
The fact that we need to operate with the both straight and dual systems of dynamical
variables in any Hamiltonian formulation developed for tensor dynamical systems can be
illustrated by the following example. Let us suppose that we have defined the momentum
as above, i.e., we introduced the contravariant tensor of momentum piρσ. Then, by using
the metric tensor gαβ we can introduce the new tensor of momentum piµν = gµρgνσpi
ρσ =
10
gµρpi
ρσgνσ = pi
ρσgµρgνσ which is a covariant tensor of second rank. The same transition
(piρσ → piρσ) changes the corresponding Poisson brackets. Some terms in the ‘new’ PB
are transformed easily, while analogous transformations for other terms are hard to find.
Nevertheless, all these new PB must be determined correctly. Arguments such as ‘we do not
want to introduce this new tensor of momentum’ cannot be considered as serious, since, if
the momentum piρσ is a true contravariant tensor, then it should be transformed as a tensor.
In reality, someone can take the covariant components of this new momentum piµν as the
new d(d+1)
2
dynamical variables. The corresponding coordinates in this ‘new’ Hamiltonian
formulation are chosen as components of the contravariant gαβ metric tensor. Briefly, these
dynamical variables {gαβ, piρσ} lead to another ‘new’ Hamiltonian formulation of the metric
GR. It is clear that the both Hamiltonian formulations developed with these two sets of
basic dynamical variables must essentially be the same, or at least, they must be related
to each other by a canonical transformation (otherwise, both of them are wrong). Let us
present the Poisson brackets for the dual set of dynamical variables {gαβ, piµν}
[gαβ, piµν ] =
1
2
(
gαµgβν + gανgβµ
)
and [gαβ, piµν ] = −1
2
(
gαµg
β
ν + g
α
ν g
β
µ
)
= −∆αβµν . (18)
and also [gαβ, gµν] = 0, [piαβ, piµν ] = 0 and [gαβ, g
µν] = 0. The last PB bracket which we want
to present here is
[piαβ , pi
µν ] = piµαδ
ν
β + δ
µ
αpi
ν
β , (19)
This means that the co- and contra-covariant components of the momentum tensor do
not commute with each other. By using these Poisson brackets one can show that the
both straight and dual sets of dynamical variables produce almost identical Hamiltonian
formulations of metric gravity. This means that each of these two Hamiltonian formulation
of the metric GR (in the straight and dual spaces) is correct.
Now, let us present a few following Poisson brackets which are very useful in actual
calculations. Let g(> 0) will be the determinant of the metric tensor gαβ and F (g) is an
arbitrary analytical function of g. In this notation one finds
[F (g), piαβ] =
(∂F
∂g
)
ggαβ and [
√−g, piαβ] = − 1
2
√−g gg
αβ =
1
2
√−ggαβ , (20)
for F (g) =
√−g, if the determinant g is negative. Analogously, for the piαβ momentum we
obtain
[F (g), piαβ] =
(∂F
∂g
)
ggαβ and [
√−g, piαβ ] = − 1
2
√−gggαβ =
1
2
√−ggαβ (21)
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These formulas lead to the following expressions
[
1√−g , pi
αβ] = − 1
2
√−gg
αβ and [
1√−g , piαβ ] = −
1
2
√−g gαβ (22)
which are important for our calculations performed in the next Sections. All other Poisson
brackets needed in calculations can be determined with the use of our PB presented in
Eqs.(15) - (22). A large number of Poisson brackets which are often needed in various
problems of metric GR can be found in our paper [17].
Another example is slightly more complicated and includes the tensor(s) eµν defined
above. From the explicit formulas for the components of eµν tensor, Eq.(7), one finds that
only non-zero elements of this tensor are located in the space-like corner of the total eµν
tensor. These non-zero elements form the space-like epq tensor (or space-like part of the
total eµν tensor) which is often called the space-like Dirac tensor (or space-like tensor of the
second rank). For this tensor one easily finds the following useful relation
gαβe
αβ = gαβg
αβ − gαβ
(gα0gβ0
g00
)
= d− g0β
gβ0
g00
= d− g
00
g00
= d− 1 = gmnemn (23)
where gαβg
αβ = d and d is the total dimension of our space-time continuum. By using our
formulas for the Poisson brackets obtained above we derive the following formulas
[epq, piαβ] = −1
2
(
gpαgqβ + gpβgqα
)
+
1
2
(
g0αgpβ + g0βgpα
)(g0q
g00
)
+
1
2
(g0p
g00
)(
g0αgqβ + g0βgqα
)
− g
0pgqαg0βg0q
(g00)2
(24)
and
[epq, piαβ] = −∆pqαβ +∆0pαβ
(g0q
g00
)
+
1
2
(g0p
g00
)
∆0qαβ −∆00αβ
g0pg0q
(g00)2
(25)
Analytical formulas for these PB are important, since there were some ideas to use compo-
nents of this space-like tensor epq as the new d(d−1)
2
canonical variables (new coordinates)
for another ‘advanced’ Hamiltonian formulation of the metric GR. As follows from Eqs.(24)
and (25) the complexity of arising Poisson brackets makes this idea unworkable.
To conclude this Section let us present the following formula for the fundamental Poisson
brackets written in the united form for the both straight and dual stes of dynamical variables
[gαβ, pi
µν ] = ∆µναβ = [piαβ , g
µν] . (26)
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This beatiful formula includes two fundamental Poisson bracket(s) and clearly shows the
differences which arise during transition from the straight set of canonical variables to anal-
ogous dual set. As follows from the formula, Eq.(21), the truly dual system of dynamical
variables (for the original {gαβ, piµν} system) must be {−gαβ, piµν} system rather then our
dual {gαβ, piµν} system of variables introduced above. Below, we shall ignore this comment
and consider the {gαβ, piµν} → {gαβ, piµν} transition as a canonical transformation of dy-
namical variables for our Hamiltonian formulation of the metric GR. Therefore, based on
the general theory described in [13] we can write the following equality
piµνδgµν −Htδt+ δF = v
(
piµνδg
µν −Htδt
)
, (27)
where v is a real, non-zero number which is called the valence of this canonical transfor-
mation, while F (t, gαβ, pi
γσ) is its generating function. The notations Ht and H t means the
total Hamiltonians written in the both systems of dynamical variables, i.e., in the straight
{gαβ, piµν} and dual {gαβ, piµν} systems of variables, respectively. It is clear that for such
a canonical transformation we can use the same time t (for both systems) and this trans-
formation is univalent which means that |v| = 1 (in reality, we have found that v = −1).
Furthermore, it is possible to show that for the {gαβ, piµν} → {gαβ, piµν} canonical transfor-
mation the generating function F can be chosen in a very special form F = S(t, gµν , g
αβ)
which corresponds to the free canonical transformation(s). In this case the previous equation
takes the form
piµνδgµν −Htδt+ δS(t, gµν , gαβ) = v
(
piµνδg
µν −H tδt
)
(28)
and three following equations are also obeyed (for v = −1)
piµν =
∂S
∂gµν
, piµν = − ∂S
∂gµν
and Ht = −Ht + ∂S
∂t
. (29)
The last equation, Eq.(29), opens a short way to the Jacobi equation for the gravitational
field in metric GR, but here we cannot discuss this interesting problem (more details can be
found in [7]), since it is located outside of the main stream of our current analysis.
V. APPLICATIONS OF POISSON BRACKETS TO ACTUAL PROBLEMS OF
METRIC GR
The knowledge of all Poisson brackets derived above allows one to achieve a number of
goals in the Hamiltonian formulation(s) of metric General Relativity. In particular, by using
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these Poisson brackets we can complete the actual Hamiltonian formulation of the metric
GR. Another problem which can be solved with the use of our Poisson brackets is explicit
derivation of the Hamilton equations of motion for actual gravitational field(s) which are
often called the time-evolution equations. Also, with these Poisson brackets we can find
the new canonical transformations which are simplify either the canonical Hamiltonian HC ,
or secondary constraints χ0σ (they are defined below). In particular, below, we consider
the reduction of the canonical Hamiltonian HC to its natural form. The first two of the
mentioned problems are briefly considered in the next two subsections. These two problems
were extensively discussed in earlier studies [4], [5] and [7]. Therefore, there is no need for
us here to move into deep analysis of these problems and repeat all formulas derived in
those works. Here we just want to illustrate how our formulas for Poisson brackets allow
one to simplify analytical calculations of many difficult expressions. In contrast with this,
the third problem (i.e., reduction of HC to its natural form) is the central part of this study
and we have to disclose all details of our computations. These details can be found in the
next Section. In general, analytical computations of a large number of Poisson brackets is a
very good exercise in tensor calculus.
A. Constraints and Dirac closure of the Hamiltonian procedure
Let us complete the Hamiltonian formulation of the metric GR, described above, by
using the momenta pimn, primary constraints φ0σ and canonical Hamiltonian HC defined
in Eq.(9), Eq.(11) and Eq.(14), respectively. First, we need to determine commutators
between the canonical Hamiltonian HC , Eq.(14), and primary constraints φ
0σ, Eq.(12).
This directly leads (see discussion in [4]) to the secondary constraints χ0σ = [HC , φ
0σ],
where σ = 0, 1, . . . , d − 1. This means that we have to add these d non-zero secondary
constraints χ0σ to this Hamilton formulation [18]. The explicit formulas for the secondary
constraints χ0σ are very cumbersome and can be found in [4] (see also [7]). Here we do not
describe derivation of these and other similar formulas, since they were derived earlier in
[4], and they are not original for this study. Our formulas for Poisson brackets substantially
simplify the whole process of derivation of these formulas for the primary and secondary
constraints and for their commutators. In particular, by uising our Poisson brackets one
can show that all Poisson brackets between primary constraints equal zero identically, i.e.,
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[φ0λ, φ0σ] = 0, while [φ0λ, χ0σ] = 1
2
gλσ. The Poisson brackets between canonical Hamiltonian
HC and secondary constraints χ
0σ are expressed as ‘quasi-linear’ [12] combinations of the
same secondary constrains χ0σ, i.e., we obtain
[χ0σ, Hc] = − 2√−gImnpqpi
mn
(gσq
g00
)
χ0p +
1
2
gσkg00,kχ
00 + δσ0χ
0k
,k (30)
+
(
−2 1√−g Imnpkpi
mn g
σp
g00
+ Imkpqgµν,l
gσm
g00
A(pq)0µνl
)
χ0k
−
(
g0σg00,k + 2g
nσg0n,k +
gnσg0m
g00
(gmn,k + gkm,n − gkn,m)
)
χ0k
where A(pq)0µνk is the symmetrized form (upon all p ↔ q permutations) of the following
expression
Apq0µνk = B(pq0|µνk) − g0kEpqµν + 2g0µEpqkν. (31)
The Poisson bracket, Eq.(30), indicates that the Hamilton procedure developed for the
metric GR in [4] and [5] is closed (Dirac closure), i.e., the Poisson bracket [χ0σ, Hc] does not
lead to any tertiary, or other constraints of higher order(s). Analogously, the Poissonbrackets
between secondary constraints [χ0σ, χ0γ ], where σ 6= γ (when σ = γ this PB equals zero
identically), is
[χ0σ, χ0γ] = [χ0σ, [φ0γ, Hc]] = −[φ0γ , [HC , χ0σ]]− [HC , [χ0σ, φ0γ]]
= [φ0γ, [χ0σ, HC ]]− 1
2
[gσγ, HC ] , (32)
where the Poisson bracket [χ0σ, HC ] is given by the formula, Eq.(30). This formula also
does not lead to any constraint of higher order and/or to any other expression which is
not a function of the dynamical variables only (see dscussion in [11]). This proves that the
Hamiltonian system which includes the canonical Hamiltonian HC and all primary φ
0λ and
secondary χ0σ constraints [18] is closed (here λ = 0, 1, . . . , d−1 and σ = 0, 1, . . . , d−1). The
actual closure of the Dirac procedure [3] for the Hamiltonian formulation of the metric GR
considered above was shown for the first time in [4]. Formally, the explicit demonstration
of closure of the whole Dirac procedure [3] is the last and most important step for any
Hamiltonian formulation of the metric GR [11]. However, in reality one needs to check
one more condition which appears to be crucial for separation of the actual Hamiltonian
formulations of the metric GR from numerous quasi-Hamiltonian constructions developed
in this area, since the middle of 1950’s.
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This additional condition is the rigorous conservation of the bothe true (or algebraic)
and gauge symmetries of the metric GR which coincides with the symmetry of original
Einstein’s equation(s) for the free gravitational field. In general, by performing a chain of
transformations from the original Γ − Γ Lagrangian to the Hamiltonian formulation of the
metric GR we have to be sure that all regular and gauge symmetries (or invariances) are
conserved. Disappearance (or reduction) of the original gauge symmetry of the problem
simply means that our transformations to the Hamiltonian formulation are fundamentally
wrong, or simply that ‘they are not canonical’. Our formulas for the Hamiltonians Ht, HC
presented above and explicit expressions for all primary and secondary constraints [4], [7]
allow one to derive (with the use of Castellani procedure [19]) the correct generators of gauge
transformations, which directly and unambogously lead to the diffeomorphism invariance [4].
This diffeomorphism invariance is well known gauge symmetry (or gauge, for short) for the
free gravitational field(s) since early years of the metric GR (see, e.g., [10]). Currently, there
are only two known Hamiltonian formulations developed for the metric GR ([1] and [4]) which
are able to reproduce the actual diffeomorphism invariance directly and transparently. Note
that for all approaches, which are based on the Γ − Γ Lagrangian of the metric GR, such
a reconstruction of the diffeomorphism invariance (or gauge) is a relatively simple problem
(see, e.g., [20]). In contrast with this, for any Hamiltonian-based formulation the complete
solution of similar problem requires a substantial work. However, it is clear that analytical
derivation of the diffeomorphism invariance is a very good test for the total Ht and canonical
HC Hamiltonians as well as for all primary φ
0σ and secondary χ0σ constraints derived in
any new Hamiltonian formulation of the metric GR. Any mistake either in the Htand HC
Hamiltonians, or in the φ0λ and χ0σ constraints leads to the loss of true diffeomorphism
invariance.
B. Hamilton equations of motion for the free gravitational field
In general, if we know the total Ht and canonical HC Hamiltonians, Eqs.(13) and (14),
respectively, then we can derive the Hamilton equations of motion (or system of Hamilton
equations) which describe the time-evolution of all dynamical variables in the metric GR,
i.e., time-evolution of each component of the metric tensor gαβ and momentum tensor pi
γρ.
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These equations are [7]
dgαβ
dx0
= [gαβ , Ht] and
dpiγρ
dx0
= [piγρ, Ht] (33)
where the notation x0 denotes the temporal variable. In particular, for the spatial compo-
nents gij of the metric tensor gαβ one finds the following equations
dgij
dx0
= [gij , Ht] = [gij , Hc] =
2√−gg00 I(ij)pqpi
pq − 1
g00
I(ij)pqB
(pq0|µνk)gµν,k (34)
=
2√−gg00 I(ij)pq
[
pipq − 1
2
√−gB(pq0|µνk)gµν,k
]
where the notation I(ij)pq stands for the (ij)−symmetrized values of the Iijpq tensor defined
in Eq.(8), i.e.,
I(ij)pq =
1
2
(
Iijpq + Ijipq
)
=
1
d− 2gijgpq −
1
2
(gipgjq + giqgjp) . (35)
Analogously, for the g0σ components of the metric tensor one finds the following equations
of time-evolution
dg0σ
dx0
= [g0σ, Ht] = g0σ,0 , (36)
since all g0σ components commute with the canonical Hamiltonian HC , Eq.(14), while all
gij commute with the primary constraints φ
0σ. This result could be expected, since the
equation, Eq.(36), is, in fact, a definition of the σ−velocities (or g0σ,0-velocities), where
σ = 0, 1, . . . , d− 1.
The Hamilton equations for tensor components of the momentum piαβ , Eq.(33), are sub-
stantially more complicated. They are derived by calculating the Poisson brackets between
each term in Ht and pi
γρ. This general formula takes the form
dpiαβ
dx0
= −[Ht, piαβ] = −
[ Imnpq√−gg00 , pi
αβ
]
pimnpipq
+
[Imnpq
g00
, piαβ
]
pimnB(pq0|µνk)gµν,k +
1
g00
Imnpqpi
mn
[
B(pq0|µνk), piαβ
]
gµν,k + . . . (37)
Let us determine the first Poisson bracket in this formula (other terms are considered anal-
ogously, i.e., term-by-term). The explicit expression for this term is
−
[ Imnpq√−gg00 , pi
αβ
]
pimnpipq = − [Imnpq, pi
αβ]√−gg00 pi
mnpipq − [ 1√−gg00 , pi
αβ
]
Imnpqpi
mnpipq (38)
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There are three following cases: (1) for a pair of space-like indexes, i.e., for (αβ) = (ab), we
have
(dpiab
dx0
)
1
= − 2
d− 2gmnpi
mnpiab + 2gmppi
mapipb +
Imnpq
2
√−gg00g
abpimnpipq (39)
while for the (αβ) = (0a) indexes the expression is
(dpi0a
dx0
)
1
=
Imnpq
2
√−gg00g
0apimnpipq (40)
Finally, for the (αβ) = (00) pair of indexes one finds
(dpi00
dx0
)
1
=
Imnpq
2
√−g
(
1 +
2
(g00)2
)
pimnpipq (41)
In general, analytical calculations of other Poisson brackets in the formula, Eq.(37), is a
straightforward task, but the final formula contains more than 150 terms. This drastically
complicates all operations with the formula, Eq.(37), for the dpi
γρ
dx0
(temporal) derivative.
Nevertheless, the complete set of Hamilton equations for the free gravitational field in metric
GR has been produced in closed and explicit form [17].
C. Truly canonical transformations in the metric GR
As is well known all canonical transformations for an arbitrary Hamilton system form a
closed algebraic group. This means that in any Hamilton system: (1) consequence of the two
canonical transformations is the new canonical transformation, (2) identical transformation
of dynamical variables is the canonical transformation, (3) any canonical transformation has
its inverse transformation which is also canonical and unique. In general, there are quite a
few canonical transformations in the metric General Relativity, and some of them can be
used to simplify either Hamiltonian(s), or secondary constraints, or some other crucial quan-
tities, including a few important Poisson brackets. As is well known (see, e.e., [9], [10]) the
metric General Relativity is a non-linear theory which cannot rigorously be linearized even
in lower-order approximations. Therefore, the linear canonical transformations of dynamical
variables have no interest for the Hamiltonian formulations which have been developed for
the metric GR. Furthermore, it can be shown that among all possible non-linear canonical
transformations the following ‘special’ transformations play a great role in derivation of the
new Hamiltonian formulations of the metric GR. These special canonical transformations
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can be written in the form: {gαβ, piµν} → {gαβ,Πρσ}, where the new momenta Πρσ are the
linear functions (or linear combinations) of old momenta piµν to which a cubic functions (or
cubic polynomials) of the contravariant components of metric tensor gαβ. The coefficient(s)
in front of this cubic function can also contain factors such as
√−g and/or g00, or their
product. As follows from our experience only such canonical transformations can be used
for equivalent transformation of the two different sets of dynamical variables in the metric
GR. In particular, this form can be found for the canonical transformation of dynamical
variables constructed in [5] has such a form. This canonical transformation relates the two
correct Hamiltonian formulations known to this moment in metric GR, i.e., formulation
by Dirac [1] and K&K [4] formulation. Our new canonical transformation of dynamical
variables described below also has this form. Furthermore, if some ‘new’ set of dynamical
variables (in metric GR) is related to another ‘old’ set of dynamical variables by a canonical
transformation which has the mentioned form, then it can be shown that this transformation
of variables will preserve the complete diffeomorphism as a gauge symmetry of the free grav-
itational field. Very likely, the explicit form ofsuch ‘special’ canonical transformations and
all possible consequencies of this fact are substantially determined by the Γ− Γ Lagrangian
presented in Section II. Indeed, the Γ− Γ Lagrangian, Eq.(1), is a polinomial of power six
upon the gαβ components and a quadratic function of the space-like velocities gmn,0.
VI. CANONICAL HAMILTONIAN REDUCED TO ITS NATURAL FORM
In this Section we reduce the canonical Hamiltonian HC to its natural form, which will
play a significant role in numerous applications to the metric gravity. We perform such a
reduction of HC by using some canonical transformation of the dynamical variables gαβ and
piρσ defined above. First, let us write the canonical Hamiltonian, Eq.(14), in the form
HC =
Imnpq√−gg00
[
pimnpipq −√−gpimnB(pq0|µνk)gµν,k + 1
4
(−g)B(mn0|µνk)B(pq0|αβl)gµν,kgαβ,l
]
+
1
4
√−g
{ 1
g00
ImnpqB
([mn]0|µνk)B(pq0|αβl) −Bµνkαβl
}
gµν,kgαβ,l (42)
which is more appropriate for our purposes in this study. In Eq.(42) the notation B([mn]0|µνk)
stands for the B(mn0|µνk) cubic function of the contravariant components of the metric tensor
which is completely anti-symmetric in respect to the m and n indexes. The explicit formula
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for the B([mn]0|µνk) function is
B([mn]0|µνk) = gmkgnνgν0 − gnkgmνgν0 + 1
2
(
gnµgmνgk0 + gnkgµνgm0 − gmµgnνgk0
− gmkgµνgm0
)
(43)
Now, we can see that the first term in
[
. . .
]
brackets in Eq.(42) can be written as a pure
quadratic function of the new Pmn = pimn − 1
2
√−gB(mn0|µνk)gµν,k variables, i.e.,
HC =
Imnpq√−gg00
(
pimn − 1
2
√−gB(mn0|µνk)gµν,k
)(
pipq − 1
2
√−gB(pq0|αβl)gαβ,l
)
+
1
4
√−g
{ 1
g00
ImnpqB
([mn]0|µνk)B(pq0|αβl) −Bµνkαβl
}
gµν,kgαβ,l + T1 + T2 , (44)
where the two additional terms T1 and T2 take the following form
T1 =
Imnpq
2
√−gg00 [pi
mn,
√−g]B(pq0|αβl)gαβ,l = −Imnpqg
mn
2g00
B(pq0|αβl)gαβ,l (45)
and
T2 = −Imnpq
2g00
[B(mn0|µνk), pipq]gµν,k = −Imnpq
2g00
[1
2
(
gµpgmq + gµqgmp
)
gnνgk0
+
1
2
gµm
(
gnpgνq + gnqgνp
)
gk0 +
1
2
gµmgnν
(
gkpg0q + gkqg0p
)
− 1
2
(
gmpgnq + gmpgnq
)
gk0gµν − 1
2
gmn
(
gpkgq0 + gp0gqk
)
− 1
2
gmngk0
(
gµpgνq + gµqgνp
)
−
(
gmpgkq + gmqgkp
)
gnνgµ0 − gmk
(
gnpgνq + gnqgνp
)
gµ0 − 1
2
gmkgnν
(
gµpg0q + gµqg0p
)
+
1
2
(
gmpgnq + gmqgnp
)
gνkg0µ +
1
2
gmn
(
gνpgkq + gνqgkp
)
gµ0 +
1
2
gmngνk
(
gp0gµq + g0qgµp
)
+
1
2
(
gkpgmq + gkqgmp
)
gνkg0µ +
1
2
gkm
(
gµpgνq + gpνgµq
)
gn0 +
1
2
gkmgµν
(
gnpg0q
+ gnqg0p
)]
gµν,k . (46)
Now, we can introduce the new momenta P γρ which is written in the form
P γρ = piγρ − 1
2
√−gB(γρ0|µνk)gµν,k (47)
where piγρ are the ‘old’ momenta used in [4]. These new momenta can be considered as
the contravariant components of the tensor of ‘united’ momentum P = gαβP
αβ. Note
that the explicit expressions for the old velocities written in terms of new momenta P ab
are even simpler gmn,0 =
1√−gg00 ImnqpP
pq (compare with Eq.(10) from above). The explicit
formulas for the primary constraints are also simpler: P 0γ ≈ 0 for γ = 0, 1, . . . , d − 1.
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The generalized coordinates are chosen in the old (or traditional) form, i.e., they coincide
with the covariant components of the metric tensor gαβ. It is clear that similar choice of
the generalized coordinates provides a number of additional advantages in applications to
the metric GR. For instance, by using the metric tensor one can rise and lower indexes in
arbitrary vectors and tensors. Also, all covariant and contravariant derivatives of the metric
tensor always equal zero, i.e., this tensor behaves as a constant during these operations.
More unique and remarkable properties of the metric tensor are discussed, e.g., in [8]. For
the purposes of this study it is important to note only that our new system of dynamical
variables contains the same ‘coordinates’ gαβ and new momenta P
γρ. The Poisson brackets
between our new dynamical variables can easily be determined by using the known values
of Poisson brackets written in the old dynamical variables
{
gαβ, pi
γρ
}
defined above. We
have [gαβ , P
γρ] = [gαβ, pi
γρ] = ∆γραβ =
1
2
(
δγαδ
σ
β + δ
σ
αδ
γ
β
)
, [gαβ, gγρ] = 0 (these two basic variables
coincide with the original (or traditional) ‘coordinates’ used in [1], [4], [5]) and [P αβ, P γρ] = 0.
The last equality we consider in detail
[P αβ, P γρ] = [piαβ , piγρ]− 1
2
[
√−gB(αβ0|µνk), piγρ]gµν,k + 1
2
[
√−gB(αβ0|λσ,l), piγρ]gλσ,l
+ [
√−gB(αβ0|µνk)gµν,k,
√−gB(γρ0|λσl)gλσ,l] (48)
where the first and last terms equal zero identically, since the variables gαβ and pi
µν are
canonical. This directly leads to the formula
[P αβ, P γρ] = −1
2
[
√−gB(αβ0|µνk), piγρ]gµν,k + 1
2
[
√−gB(αβ0|λσ,l), piγρ]gλσ,l (49)
Now, we can replace the dummy indexes in the second term of this equation by the values
which coincide with the corresponding dummy indexes in the first term,i.e., λ → µ, σ → ν
and l → k. This substitution reduces Eq.(49) to the form
[P αβ, P γρ] = −1
2
[
√−gB(αβ0|µνk), piγρ]gµν,k + 1
2
[
√−gB(αβ0|µν,k), piγρ]gµν,k = 0 (50)
which is the difference of the two identical expressions. This shows that the new dynamical
variables {gαβ, P µν} are also canonical, and they can be used in the metric gravity, since
they are canonically related to the old set of such variables {gαβ, piµν} [4].
As follows from the formulas derived above the canonical Hamiltonian HC is reduced to
the following form
HC =
Imnpq√−gg00P
mnP pq +
1
4
√−g
[Imnpq
g00
B([mn]0|µνk)B(pq0|αβl) −Bµνkαβl
]
gµν,kgαβ,l
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− Imnpq
2g00
gmnB(pq0|αβl)gαβ,l + T2 (51)
which can be re-written in the following symbolic form
HC =
1
2
n∑
i,j=1
Mˆij(q1, q2, . . . , qn)pipj +
n∑
i,j=1
Vˆmn(q1, q2, . . . , qn) (52)
where Mˆ is a positively defined n× n matrix which is often called the inverse mass matrix
(or matrix of inverse masses), while the Vˆ matrix is an arbitrary, in principle, symmetric
n× n matrix which is called the potential matrix (or matrix of the potential energy). Here
n is the total number of generalized coordinates q1, q2, . . . , qn. Each matrix element of the
potential matrix Vˆ in Eq.(52) is a polynomial of these generalized coordinates. Also, in
Eq.(52) the notations pi and pj designate the momenta conjugate to the corresponding
generalized coordinates qi and qj , respectively, i.e., [qk, pl] = δkl. In classical mechanics the
phase space is flat, and, therefore, the both covariant and contravariant components of any
vector coincide with each other. The form of the Hamiltonian HC , Eq.(52), is called normal,
and it is well known in classical mechanics of Hamiltonian systems. Furthermore, more
than 90 % of all problems ever solved in classical Hamiltonian mechanics with the use of
Hamilton methods either have Hamiltonians which are already written in the normal form,
or their Hamiltonians can be reduced to such a form by some canonical transformation(s)
of variables.
To improve the overall quality of our analogy between metric GR and classical Hamil-
tonian mechanics one can introduce the new set of dynamical variables which include the
total momentum of the free gravitational field P = gαβP
αβ (tensor invariant) and its ten-
sor ‘projections’ P βα = gαγP
γβ. The corresponding space-like quantities P = gmnP
mn and
P nm = gmpP
pn are already included in our canonical Hamiltonian HC . By using our formulas
presented above one easily finds a few following Poisson brackets:
[ P, P ab] = [gmn, P
ab]Pmn = ∆abmnP
mn = P ab , [gcd, P ] = gmn[gcd, P
mn] = gcd
[ gαβ, P
γ
σ ] =
1
2
(gβσδ
γ
α + gασδ
γ
β) , [g
αβ, P ] = gαβ
and many others. Here we cannot present all of them explicitly. Note only that with
the total momentum P and its tensor projections (i.e., P αβ, P γσ , etc) one can write the
Hamilton equations in the form which is almost coincides with analogous equations known
for Hamiltonian systems in classical mechanics. This is another interesting direction for
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future development of the Hamiltonian formulation(s) of metric GR. Applications of our new
canonical variables {gλκ, P αβ} to some interesting problems in metric GR will be considered
elsewhere. Relations between our dynamical variables {gλκ, P αβ} and analogous variables
used in Dirac formulation of the metric General Relativity {gλκ, piαβ} are discussed in the
Appendix A.
VII. DISCUSSIONS AND CONCLUSION
Thus, we have shown that the canonical Hamiltonian HC of the free gravitational field(s),
Eq.(42), can be reduced to the natural form which includes a pure quadratic function of the
space-like momenta Pmn with a positive coefficient in front of it. Indeed, the factor, which
is located in front of the PmnP pq product in the HC Hamiltonian, is the positively defined
space-like tensor of the fourth rank Imnpq (or
1√−gImnpq). This factor can be considered
as an effective inverse ‘quasi-mass’ of the free gravitational field in metric GR. Also, as
directly follows from the explicit form of the canonical Hamiltonian HC, Eq.(42), each of
the remaining terms in canonical Hamiltonian HC , Eq.(42), is a polynomial function of
contravariant components gαβ of the metric tensor. The maximal power of such polynomials
upon gαβ does not exceed eight. Some terms in the HC also include the factors
√−g (or
1√−g ) and/or g
00.
The new canonical {gαβ, P γρ} variables have been constructed for the metric GR. The
total number of canonical variables does not changed and it always equals 2d. The
Poisson brackets between these variables are: [gαβ, P
γρ] = ∆γραβ =
1
2
(
δγαδ
ρ
β + δ
ρ
αδ
γ
β
)
=
[Pγρ, g
αβ], [gαβ, gγσ] = 0and [P
αβ, Pγρ] = 0. This indicates clearly that these new dynamical
variables are truly canonical and can be used in the new Hamiltonian formulation of the
General Relativity. Analogous set of dynamical variables {gαβ, Pγρ} is the dual set of canon-
ical variables which can also be used to develop a different (but equivalent!) Hamiltonian
formulation of the metric GR.
Thus, in this study we have finished development of the complete and correct Hamilto-
nian formulation of the metric General Relativity. Also, we have determined all essential
(fundamental and secondary) Poisson brackets which can now be used to perform a large
amount of analytical and numerical calculations. The fundamental Poisson brackets are
defined between all components of the gravitational fieldand corresponding momenta (or
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components of the momentum tensor). The secondary Poisson brackets define commutation
relations between arbitrary, in principle, analytical functions of coordinates (components
of the gravitational field) and momenta. These Poisson brackets become the main working
tools of the metric General Relativity, which can now be considered as a Hamiltonian system.
In addition to this, our Poisson brackets can be used to solve various problems in metric
GR, e.g., obtain trajectories, derive conservation laws, find integrals of motion, derive and
investigate the laws of time-evolution for different quantities, vectors and tensors. A remark-
able result obtained in this study should be emphasized again: the canonical Hamiltonian
HC , which describes time-evolution of relativistic gravitational fields, can be reduced to its
natural form, and this form essentially coincides with the Hamiltonian of the non-relativistic
system of N(= d) interacting particles. Physical sense of dynamical variables is obviously
very different in both these cases, but almost identical coincidence of their Hamiltonians
was absolutely unexpected and shocking.
In conclusion, it should be emphasized again that the first non-cotradictory Hamiltonian
formulation of metric GR was presented by P.A.M. Dirac in 1958 [1]. The second ‘alternative’
formulation was developed in [4]. The both these correct Hamiltonian formulations of metric
GR preserve the complete diffeomorphism as the gauge symmetry of this theory. In our
earlier paper [5] we have shown that these two Hamiltonian formulations are related by
a true canonical transformation {gαβ, piγρ} → {gαβ, pγρ}. In this study we have solved a
number of remaining problems which were never discussed in earlier papers. In particular,
we obtained formulas for various Poisson brackets which are need in different Hamiltonian
formulation(s) of the metric GR. This also includes the Poisson brackets from the two sets of
basic dynamical variables: (a) set of straight (or Dirac) dynamical variables, e.g., {gαβ, piγρ}
(or {gαβ, P γρ}), and (b) dual set of basic dynamical variables {gαβ, piγρ} (or {gαβ, Pγρ}).
The fundamental relation between these two sets of dynamical variables is given by the
Poisson bracket, Eq.(26). In our new dynamical variables the same relation takes the form
[gαβ, P
µν ] = ∆µναβ = [Pαβ, g
µν ]. Applications of our Hamiltonian formulation of the metric
GR to some interesting problems will be considered in the next studies.
Finally, as we all know many physists called and considered the General Relativity (or
metric GR in our words) as ”the most beautiful of all existing physical theories” (see,
e.g., [9], page 228). Here I wish to note that the correct Hamiltonian formulation of the
metric General Relativity (or, Gravity, for short) is also very beautiful physical theory.
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Furthermore, the truly covariant, very powerful and explicitly beautiful apparatus of this
theory corrects everybody (even authors), if they steps away from the unique, truly covariant
and correct road of actual theory. No comparison can be made with an ugly form of the
original geometro-dynamics (see, Appendix B) and similar Hamiltonian-like creations, which
were decleared to be ‘canonicaly related’ with the geometro-dynamics.
I am grateful to my friends N. Kiriushcheva, S.V. Kuzmin and D.G.C. (Gerry) McKeon
(all from the University of Western Ontario, London, Ontario, Canada) for helpful discus-
sions and inspiration.
Appendix A
In this Appendix we discuss relations between dynamical variables which are used in our
and Dirac formulations of the metric General Relativity. In our earlier papers [5] we have
shown that dynamical variables {gλκ, piαβ}, which are used in the K&K formulation of the
metric GR, and analogous Dirac dynamical variables {gλκ, pαβ} of the metric GR [1] are
related to each other by some canonical transfromation. This canonical transfromation can
be written in the form [5] (from Dirac to K&K)
gλκ → gλκ and pαβ → piαβ − 1
2
√−gA(αβ)0µνkgµν,k (53)
where the quantity A(αβ)0µνk is
A(αβ)0µνk = B((αβ)0|µνk) − g0kE(αβ)µν + 2g0µE(αβ)kν (54)
where B((αβ)0|µνk) is the B(αβ0|µνk) quantity (see, Eq.(2)) symmetrized in terms of all α↔ β
permutations. Analogously, the E(αβ)µν and E(αβ)kν are the two symmetrized quantities (in
respect to the α↔ β permutations), i.e.,
E(αβ)µν = eαβeµν − 1
2
(eαµeβν + eανeβµ) and E(αβ)kν = eαβekν − 1
2
(eαkeβν + eανeβk)
respectively.
As is shown in the main text the relation between our dynamical variables and dynamical
variables inroduced in [4] is gλκ → gλκ and P αβ → piαβ, where
P αβ → piαβ − 1
2
√−gB(αβ0|µνk)gµν,k (55)
From the last equation it is easy to obtain the following expression for our momenta P αβ
written in terms of the Dirac momenta pαβ
P αβ = pαβ − 1
2
√−g
[
B([αβ]0|µνk) − g0kE(αβ)µν + 2g0µE(αβ)kν
]
(56)
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where the quantity B([αβ]0|µνk) is the B(αβ0|µνk) coefficient, Eq.(2), anti-symmetrized in
respect to all permutations of the α and β indexes. The transformation of dynamical
variales gλκ → gλκ and P αβ → pαβ, Eq.(56), is the canonical transformation (this can be
shown in the same way as it is done in the main text (see also [4]). Its inverse transformation
is also canonical. This means that currently we have three different sets of dynamical
variables which can be applied for the known and new Hamiltonian formulations of the
metric GR: (a) Dirac variables, (b) K&K variables [4], and (c) our variables defined in this
study. These three sets of dynamical variables are related to each other by simple canonical
transformations.
Appendix B
In this Appendix we want to show that dynamical variables which are used in geometro-
dynamics [22] are not canonical. Therefore, this theory has nothing to do with the regular
Hamiltonian formulation(s) of the metric GR. Furthermore, this theory (geometro-dynamics)
cannot canonicaly be related to any of the correct Hamiltonian formulations known for the
metric GR. On the other hand, all similar ‘theories’ which are canonicaly related to the
geometro-dynamics are equaly wrong quasi-Hamiltonian constructions which cannot help
anybody to solve problems currently known and constantly arising in the metric GR.
The history of creation of geometro-dynamics, which is also often called the ADM gravity,
is straightforward. After an obvious success of Dirac paper [1] a small group of young
authors, which included Arnowitt, Deser and Misner [22] (under general supervision of J.A.
Wheeler), decided to create some alternative (but Dirac-like!) formulation of the metric
GR. Dynamical variables in this ADM approach were chosen as follows. The generalized
six coordinates coincide with the corresponding space-space components gpq of the metric
tensor gαβ defined in the four-dimensional space-time (or (3+1)-dimensional space-time, if
we want to be historically precise). Four remaining coordinates were chosen in the form: the
”lapse” N = 1√
−g00
and three ”shifts” Nk = −g0k
g00
, where k = 1, 2, 3 (very likely, the idea
to use these four coordinates was proposed by Wheeler). The corresponding momenta Πmn
were simply taken from Dirac paper [1] (see also our Appendix A), i.e., they coincide with
the pmn momenta introduced by Dirac (see Appendix A). The four remaining momenta were
not defined in the original ADM papers. Probably, this was done, since these four momenta
lead to the (primary) constraints anyway. In general, it is very hard to describe and discuss
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the internal logic of this quasi-theory, but we have to note that geometro-dynamics was
carefully analyzed earlier in [21] with a large number of details and references.
In fact, we do not need to bother ourselves with deep discussion of ADM formulation,
since we already have their ten generalized coordinates (one laps N , three shifts Nk and
six components of the metric tensor gpq) and six momenta Π
mn which coincide with the
momenta pmn defined in Dirac’s paper. By using only these dynamic variables of ADM
gravity we can prove that these variables are not canonical. To prove this statement we
need to calculate the two following Poisson brackets: (1) between ”laps” N and Πmn (or
pmn) momenta, and (2) between ”shifts” and the same Πmn (or pmn) momenta. If this theory
is a truly Hamiltonian, then all these Poisson brackets must be equal zero identically. Now
we want to check this fact. The first Poisson bracket is
[ N,Πmn] = [
1√−g00 , p
mn] = − 1√
(−g00)3
[g00, pmn]
=
1√
(−g00)3
1
2
(g0mg0n + g0ng0m) =
1√
(−g00)3
g0mg0n 6= 0 , (57)
while for the second bracket one finds
[ Nk,Πmn] = [−g
0k
g00
, pmn] =
1
2g00
(g0mg0n + g0ng0m)− 1
(g00)2
g0kg0mg0n
=
1
2(g00)2
(g00g0mgkn + g00g0ngkm − 2g0kg0mg0n) 6= 0 , (58)
where k = 1, 2, 3. So, I am sorry to say, but none of these four Poisson brackets equal zero
identically. Therefore, these dynamical variables are not canonical and theory which uses
these variables is not a Hamiltonian theory. Furthermore, it cannot be transformed into such
a theory by any correct procedure and/or by applying any canonical transformation. Now,
we can only guess that P.A.M. Dirac calculated these four Poisson brackets in the end of
1950’s. Very likely, he was trying to say something to that ”enthusiastic group of young fel-
lows” (he worked in Frorida at that time), but those fellows simply ignored all his comments
and doubts about their new and ‘far-advanced’ Hamiltonian formulation of the metric GR.
Finally, these yong authors created the new ‘super-advanced’ geometro-dynamics, which
later was called (and considered) by Hawking [23] as a theory which ”contradicts to the
whole spirit of General Relativity”. However, such a contradiction is only a small problem
for geometrodynamics, which proved to be incorrect and incomplete in its applications to
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the real problems of metric gravity (more details can be found in [21]).
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